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fT^ ' Abstract 



The Hamilton - Jacobi method of constrained systems is discussed. 
The equations of motion for a free relativistic spinning particle are ob- 
tained without using any gauge fixing conditions. The quantization of 
this model is discussed. 



^: 1 Introduction 



The theory of constrained systems was developed by Dirac [1,2] and is becoming 
the fundamental tool for the study of classical systems of particles and fields 
[3,4]. In his method Dirac distinguish between two types of constraints, first 
and second class constraints. As there is an even number of second- class con- 
straints, these are used to eliminate a certain number of canonically conjugate 
pairs of variables. The Dirac Hamiltonian is then the canonical Hamiltonian 
C^ ' plus first class constraints, which are considered as generators of gauge trans- 

formations. To eliminate the gauge freedom, one has to impose an external 
gauge fixing conditions for each first class constraint and evaluate the new Dirac 
bracket. 

Recently, the canonical method [5-7] has been developed to investigate con- 
strained systems. The equations of motion are obtained as total differential 
equations in many variables which require the investigation of integrability con- 
ditions. If the system is integrable, one can solve the equations of motion 
without using any gauge fixing conditions. In this paper, we shall treat the 
free relativistic spinning particle as a constrained system. In fact, this work is 
a continuation of previous paper [5] in which we have obtained the equations 
of motion for a free relativistic spineless particle and the canonical phase space 
coordinates g^, pi are obtained in terms of parameter xq. 



Now we would like to give a brief discussion of the canonical method [5-7] . 
This method gives the set of Hamilton - Jacobi partial differential equations 
[HJPDE] as 

', dS dS. ^ 

a,/3 = 0,n — r-|-l,...,n, a=l,...,n— r, (1) 

Ha^ Ha{tfj,qa,Va)+Pa, (2) 



where 

and _ffo is defined as 



Ha =PaWa +p^qa\p^ = -H^ - L{t,qi,q^,qa = Wa), 

/i, u = n — r + 1, ...,n. (3) 

The equations of motion are obtained as total differential equations in many 
variables as follows: 



dqa - -TT^dt^- (4) 

OPa 

oH 

dpa = --^ dta] (5) 

Oqa 

dp 13= -^I^dta, (6) 

Otf3 

dZ= {-H^+p^^i)dt^. (7) 

OPa 

a, (3 ~ 0,n — r + l,...,n, a= l,...,n — r 
where Z — S{ta;qa)- The set of equations (4-6) is integrable [5] if 



dHo = 0, (8) 

dH'^= 0,fi = n-p+l,...,n. (9) 

If conditions (8) and (9) are not satisfied identically, one considers them as new 
constraints and again testes the consistency conditions. Hence, the canonical 
formulation leads to obtain the set of canonical phase space coordinates qa and 
Pa as functions of ta , besides the canonical action integral is obtained in terms of 
the canonical coordinates. The Hamiltonians H^ are considered as the infinitesi- 
mal generators of canonical transformations given by parametersia respectively. 
For the quantization of constrained systems we can use the Dirac's method 
of quantization [1]. In this case we have 

i7^* = 0, a = 0,n-r + l,...,n, (10) 



where ^ is the wave function. The consistency conditions are 

[H'^,Hl]^ = Q, ,i,u = l,...,r, (11) 

where[, ] is the commutator. The constraints H'^ are called first- class constraints 
if they satisfy 

[H'^,K]^Cl,H'^. (12) 

In the case when the Hamiltonians H' satisfy 

[H'f_,,Hl] = C^i., (13) 

with Cfj,i, do not depend on qi and pi, then from (11) there arise naturally 
Dirac' brackets and the canonical quantization will be performed taking Dirac's 
brackets into commutators. 

On the other hand, The path integral quantization is an alternative method 
to perform the quantization of constrained systems. If the system is integrable 
then one can solve equations (4-6) to obtain the canonical phase-space coordi- 
nates as 

qa^qa{t,tf,), Pa=Pa{t,t^), ^l=l,...,r, (14) 

then we can perform the path integral quantization using Muslih method [8-12] 
with the action given by (7). 

After this introduction we shall treat the relativistic spinning particle as a 
constrained system and demonstrate the fact that gauge fixing is solved natu- 
rally if the canonical method is used. 

2 The free relativistic spin particle as a con- 
strained system 

Let us consider the action of the free relativistic spinning particle as [4] 

S^ I LdT, (15) 

X IX'Ylb CJTl 

L= -TT^ ^ iTp-i/j + i-ip5Xp5 + imxipb, (16) 

2e e 2 

where x^, e are even variables and ip'^, x, "05 ^^^ odd variables. With the action 
(15) there exist two types of gauge transformations: 



Sx = -e, Sip5 = [ 1/15(1/15 - —x) - — ]e, 

me 2 2 

Sx^ = itp^e, Se = -ixe, Stp^ " 2e*-^^ ~ ^xV'm)^, (17) 

and 

Sx = xC, Se ^ ^(eC), Ht^ = V'a'C, ^X = ^(xO> '^■05 = "^sC, (18) 



where C(t) are even parameters, while e(T) are odd parameters. The canonical 
momenta are defined as 



dL 1 

dL 

7Te= ITT = = -Hi, (20) 

oe 
^x = §1^ = = -i?2, (21) 

TT, = 1^ ^ -^V, = -H„ (22) 

7r5 = -^ = 2^5 = -ii^4, (23) 

where dr means right derivatives and the metric convention g~ (+1,-1,— 1,-1). 
Now equation (19) leads us to obtain the velocities Xfj, in terms of momenta and 
coordinates as 

The canonical Hamiltonian Hq can be obtained as 



H„ = p^w'' - eHi - xH2 - ^^i/3 - 4^5H4 - L, (25) 

Hq = --{p'^ -m'^) +ixiip -p-rmpz). (26) 

Making use of equations (1,2) and (26 ), the set of Hamilton- Jacobi partial 
differential equations reads 



K= p(^)+Fo = 0; p(^^ = |^, (27) 

dS 

H[^ ^e=0; ^e-TT' (28) 

oe 



H'2= %=0; % = — ' (29) 



95; 
dS 



H's= TTf,+iyj^ = 0- ^t^^g—^ (30) 

dS 
H'i= 7i"5 - iV5 == 0; TTs ^ ——. (31) 

dV'5 



This set leads to the total differential equations as 



dx^ = {-ep^ + ix-ipfj,)dT, (32) 

dp^ = 0, (33) 



dlTe = 


-lip^-m')dr, 


dlT^ = 


{{ip ■ p - ■mip5)dT, 


dn,, == 


-iXP^dr + idtpf,, 


dTT5 = 


ixdr -idtp5, 


dp^^^ = 


0. 



(34) 

(35) 
(36) 
(37) 
(38) 

To check whether the set of equations (32-38) is integrable or not let us con- 
sider the total variations of Hq, H[,H2, H^ and H^. In fact, the total variations 
of H^ and H'^ determine d-f/'/j and dip^ in terms of dr as 

d■^P^, = ipiPiidr, (39) 

vn 
di'n - yXdr. (40) 

The total variation of H[ leads to the constraint H'r, as 

H'^ = {p'-m^), (41) 

the total variation of H'r^ is identically zero and the total variation of H2 leads 
to the constraint _ffg as 

ff^ = (^-p-TOV5)- (42) 

Taking the total variations of iJg one may obtain 

dH'^ = tlj^dpi" + pi'dij^ ~ mdVs, (43) 

dH'^ = ^x(p' - m^)dT. (44) 

Calculations shows that the total variations of iJg is zero. The set of equa- 
tions (32-38) is integrable and the phase space coordinates (x^ , i/'/j , V'5 ) and 
(p^jTT^jTTs) are obtained in terms of independent parameters (r, e, x)- Hq,H[ 
and H2 can be interpreted as infinitesimal generators of canonical transforma- 
tions given by parameters t, e and x respectively. 

Now we would like to discuss the operator quantization of the free relativistic 
spinning particle. The anti commutator relations corresponding to the pseudo- 
classical brackets of -0^ and -05 are 

[V'a*,^!/] = 9iiu, [05,05] = -1, [V'm^'^s] = 0, (45) 

which may realized as 

Here 75 = 70717273, such that 7I = -1, [75, V'^]-!- = 0. 



Consider the physical Hilbert space as a subspace of a Hilbcrt space 5ft in 
which the fields a;^, 1p^il V's s-nd their momenta are not submitted to the con- 
straint. Then only those states of 5ft which fulfill 

(p2 - m^) I ^^i^y^) = 0, (47) 

75(Pm7^ - m) I iPphys) =- 0, (48) 

belong to the physical Hilbert space. One should notice that equation (48) is 
nothing but the Dirac equation. 

Now to obtain the path integral quantization of this system, we can use 
equation (7) to obtain the canonical action as 

S ^ /{[^(P^ -m^) - ix{ip ■ p - rmp^ + p^.i-ep'' + ixip^)]dT 

+ [-itPf, + TTf,]dtljf, + [itP5 + TT5]dtp5}. (49) 

Making use of the equations of motion (39,40) and using the definition of the 
canonical momenta, one can recover the original action. 



3 Conclusion 

A free relativistic spinning particle is treated as a constrained system. The 
canonical method [5- 7] treatment of this system leads us to obtain the equa- 
tions of motion as total differential equations in many variables. Since the 
integrability conditions are satisfied, this system is integrable. Hence, one can 
solve the classical dynamics of this system in terms of parameters r, e, x without 
using any gauge fixing conditions. Although e and x are treated as coordinates 
in the Lagrangian, the presence of constraints and the integrability conditions 
force us to treat them as parameters like t. 

The operator quantization of the relativistic spinning particle leads to obtain 
the Dirac equation, which describe simultaneously the particle and the anti 
particle. 

Unlike conventional methods one can perform the path integral quantiza- 
tion of this system using Muslih method to obtain the action directly without 
considering any Lagrange multipliers. 

In fact, Dirac's method treatment needs gauge fixing conditions to determine 
the classical dynamics of the constrained system. In the the free relativistic 
spinning particle system, since the number of the first class constraints are four, 
one has to impose four supplementary gauge fixing conditions. 
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